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HYPERBOLIC PERIODIC POINTS FOR CHAIN HYPERBOLIC
HOMOCLINIC CLASSES
WENXIANG SUN†, YUN YANG∗
Abstract. In this paper we establish a closing property and a hyperbolic
closing property for thin trapped chain hyperbolic homoclinic classes with one
dimensional center in partial hyperbolicity setting. Taking advantage of theses
properties, we prove that the growth rate of the number of hyperbolic periodic
points is equal to the topological entropy. We also obtain that the hyperbolic
periodic measures are dense in the space of invariant measures.
1. Introduction
Chain hyperbolic homoclinic classes are a kind of homoclinic classes with domi-
nated splitting and some topological hyperbolicity, which is put forward by S. Cro-
visier and E. Pujals in [4]. They present the fact that homoclinic classes of generic
diffeomorphisms far from homoclinic tangencies and heterodimensional cycles are
chain hyperbolic homoclinic classes [3, 4] . Thus chain hyperbolic homoclinic classes
are very common in diffeomorphisms far away from homoclinic bifurcations. In con-
trast with the uniform hyperbolic part in the Palis conjecture [10, 11] for the whole
dynamics, chain hyperbolic homoclinic class is a generalization of the basic set of
Axiom A diffeomorphisms.
The connection between the growth rate of the number of periodic points and
the topological entropy of dynamical systems attracts people’s attention for a long
time. In his paper [1], R. Bowen proved that the growth rate of the hyperbolic
periodic points is equal to the topological entropy for a basic set of Axiom A
diffeomorphisms. Since chain hyperbolic homoclinic class generalizes the basic set of
Axiom A diffeomorphism, a natural proposal is to consider the hyperbolic periodic
points for chain hyperbolic systems. However, this is not a trivial question. The
difficulties arise not only in proving the existence of sufficiently many periodic points
but also in controlling the Lyapunov exponents of sufficiently many hyperbolic
periodic points. To solve these difficulties, using different methods, we shall prove
some new kind of closing properties for the chain hyperbolic systems in our setting.
In this paper, we require that the dominated splitting of the chain hyperbolic
homoclinic class is partially hyperbolic with one dimensional center. We prove
that the growth rate of the number of hyperbolic periodic points is equal to the
topological entropy for thin trapped chain hyperbolic homoclinic classes with one
dimensional center.
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Now we start to state our results precisely. Before formulating the definition of
chain hyperbolic homoclinic class, we recall some useful terminology first. Let f be
a diffeomorphism on a compact manifold M and Λ be a compact invariant set. A
dominated splitting on Λ is an invariant decomposition of TΛM = E ⊕F such that
for some integer N ≥ 1, any unit vectors ux ∈ Ex, vx ∈ Fx, at any point x ∈ Λ the
following is satisfied:
2 ‖ DfNux ‖≤‖ Df
Nvx ‖ .
A partially hyperbolic splitting on Λ is a dominated splitting TΛM = E
s⊕Ec ⊕Eu
such that Es and Eu uniformly contacted by f and f−1 respectively. A plaque
family tangent to bundle E is a family of continuous maps W from the linear
bundle E over Λ into M satisfying:
• for each x ∈ Λ, the induced map Wx : Ex → M is a C1- embedding that
satisfies Wx(0) = x and whose image is tangent to Ex at x;
• (Wx)x∈Λ is a continuous family of C1- embeddings.
Let W(x) be the image of embedding Wx at point x. A plague family W is locally
invariant if there exists ρ > 0 such that for each x ∈ Λ the image of the ball
B(0, ρ) ⊆ Ex by f ◦Wx is contained in the plaque W(f(x)).
Plaque family theorem (Theorem 5.5 in [5]) says that there always exists a locally
invariant plaque family tangent to E (but is not unique in general). Moreover, from
the local integrable property, the images of invariant plaque family on compact
manifold have uniform length. A plaque family is called trapped if for each x ∈ Λ,
one has f(W(x)) ⊆ W(f(x)). It is thin trapped if for any neighborhood U of the
section 0 in E there exist:
• a continuous family (ϕx)x∈Λ of C1-diffeomorphisms of the spaces (Ex)x∈Λ
supported in U ;
• a constant ρ > 0, such that for any x ∈ Λ, one has f(Wx ◦ ϕx(B(0, ρ))) ⊂
Wf(x) ◦ ϕf(x)(B(0, ρ)).
Thus it can be seen that “thin trapped” means that there exist nested families of
trapped plaques whose diameters are arbitrarily small.
Let p be a hyperbolic periodic point for f . The homoclinic class H(p) is defined
as the closure set of the collection of transversal intersection points of the unstable
manifolds Wu(O) and the stable manifolds W s(O) of the orbit O of p. H(p) also
coincides with the closure set of the collection of hyperbolic periodic points q that
are homoclinically related to the orbit of p, i.e. for some i, Wu(q) and W s(q)
have transversal intersection points with the stable manifolds W s(f i(p)) and the
unstable manifolds W s(f i(p)) of point f i(p) respectively.
We are now ready for the definition of chain hyperbolic homoclinic class.
Definition 1.1. A homoclinic class H(p) is called chain hyperbolic if:
• H(p) has a dominated splitting TH(p)M = E
cs ⊕ Ecu;
• there exist a plaque family (Wcsx )x∈H(p) tangent to E
cs which is trapped
by f and a plaque family (Wcux )x∈H(p) tangent to E
cu which is trapped by
f−1;
• there exists a hyperbolic periodic point qs(resp. qu) homoclinically related
to the orbit of p whose stable manifold contains Wcs(qs)(resp. whose un-
stable manifold contains Wcu(qu)) .
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In this paper, we study only the case when the dominated splitting of the chain
hyperbolic homoclinic class is partially hyperbolic with one dimensional center. We
formulate our objects in the following definition.
Definition 1.2. Let CH1(p) be a chain hyperbolic homoclinic class with dominated
splitting
TCH1(p)M = E
cs ⊕ Eu = Es ⊕ Ec ⊕ Eu
where Eu is a uniformly expansive bundle, Es is a uniformly contracting bundle, the
plaque family Wcs associated with Es ⊕ Ec is thin trapped for f and dimEc = 1.
Denote the set of periodic points with period n and the center Lyapunov expo-
nents less than −a by
P an (f |CH1(p)) = {x ∈ CH
1(p) | fn(x) = x, λ(x) ≥ a ≥ 0,
where λ(x) satisfies ‖Dfn|Ec(fi(x))‖ = e
−λ(x)n}.
As dimEc = 1, λ(x) is exactly the Lyapunov exponent of x along Ec. It is worth
to note that this is not true for dimEc ≥ 2, because the norm of a matrix may
be strictly greater than the eigenvalues of the matrix. Our main theorems are the
following ones.
Theorem 1.3. Let f be a diffeomorphism on a compact manifold M with CH1(p).
Then, we have
lim
a→0
lim sup
n→+∞
1
n
log ♯P an (f |CH1(p)) = htop(f |CH1(p)).
Related to Theorem 1.3 is a result by Katok [7] that for C1+α diffeomorphisms on
surface manifolds, the growth rate of the number of periodic points is greater than
or equal to the topological entropy. Based on Katok’s construction of horseshoes
for diffeomorphisms on surface manifolds, Chung and Hirayama [2] proved that the
topological entropy of a C1+α surface diffeomorphism is given by the growth rate of
the number of periodic points of saddle type. Usually, there may not be sufficiently
many hyperbolic periodic points. The observation in Theorem 1.3 provides us with
many hyperbolic periodic points.
The following closing properties serve as the main tools to find periodic points.
The interest of seeking for hyperbolic periodic points leads us to the definition,
hyperbolic closing property.
Definition 1.4. Let f be a diffeomorphism on a compact manifold M and let K
be an compact invariant subset of M . The following property is called a closing
property : for any ε > 0 small enough, there exists M(ε) ∈ N such that for any two
segments x, fn(x) ∈ K and y, fm(y) ∈ K, there exists a periodic point z ∈ K with
period P (z) such that
(1) d(f i(z), f i(x)) ≤ ε, 0 ≤ i ≤ n;
(2) d(fn+k+j(z), f j(y)) ≤ ε, 0 ≤ j ≤ m for some 0 ≤ k ≤M(ε);
(3) n+m+ k ≤ P (z) ≤ n+m+ 2M(ε).
Moreover, the parallel result holds also for more than two segments.
This closing property is similar to the specification property for Axiom A dif-
feomorphisms ([13]) when y = fn+k(x). From the construction of the shadowing
periodic point z in section 3, it follows that when y = x and m = n, the period of
z can be n+ k, which is similar to the classical closing lemma. The only difference
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from the classical closing lemma is that there is a spare segment. Nevertheless, the
closing property in Definition 1.4 can also be used to prove Corollary 5.2.
Definition 1.5. Let f be a diffeomorphism on a compact manifold M with CH1(p).
Let −λ be the largest negative Lyapunov exponent of p. The following property
is called a hyperbolic closing property : for any 0 < a < 1 and any ε > 0 small
enough, there exists M(ε) ∈ N such that for any two points in the same orbit
x, fn(x) ∈ CH1(p), there exists a hyperbolic periodic point z ∈ CH1(p) with
period P (z) such that
(1) d(f i(z), f i(x)) ≤ ε, ∀ 0 ≤ i ≤ n and n1−a ≤ P (z) ≤
n
1−a + 2M(ε),
(2) the Lyapunov exponent along the central direction Ec of periodic point z
is smaller than −aλ4 .
hyperbolic closing property means that we can find hyperbolic periodic points
to shadow any segments. For the sake of controlling the Lyapunov exponents of
the shadowing periodic points, we need some sources of hyperbolicity. We borrow
some hyperbolicity from the hyperbolic periodic point p of CH1(p). The constant a
presents the proportion of hyperbolic periodic points in the periodic pseudo orbit.
Definition 1.6. Let f be a diffeomorphism on a compact manifold M and let K
be an compact invariant subset of M . Assume E is an invariant one-dimensional
subbundle of the tangent bundle TK(M). We say that f preserves an orientation
of E if there exists a continuous section of the bundle of orientations of E over K,
that is invariant by the action of f . In this case, the bundle E can be identified to
the trivial bundle K × R.
Theorem 1.7. Let f be a diffeomorphism on a compact manifold M with CH1(p)
. If f preserves the orientation of the subbundle Ec, both the closing property and
the hyperbolic closing property hold for f |CH1(p).
One may have notice that there are some shadowing lemmas for partially hyper-
bolic systems (such as central shadowing lemma, quasi-shadowing lemma in [8, 6]).
Crovisier [3] also gave a proof of shadowing property for partially hyperbolic sys-
tems (with special trapped central model). In his result, the shadowing points lie
in the neighborhood of the targeted set, instead of in the targeted set. These shad-
owing lemmas are not suitable for our purposes. In this paper, we always want the
shadowing points lie in CH1(p).
In section 5, we state a corollary from Theorem 1.7 about the density of hy-
perbolic periodic measures in the space of invariant measures. We also give a
construction of a maximal entropy measure.
Notation: Throughout this paper, W ∗ means the real stable manifolds or the
real unstable manifolds, contrasting to the notation of plaques, W∗.
2. Preliminaries
As described in the introduction, chain hyperbolic homoclinic classes have some
properties parallel to the properties of Axiom A systems. In this section, we in-
troduce some properties of chain hyperbolic homoclinic classes (following [4]). Let
H(p) be a chain hyperbolic homoclinic class in Definition 1.1. Then, H(p) has a
dominated splitting TH(p)M = E
cs ⊕ Ecu. The following lemma says that H(p)
contains a dense set of hyperbolic periodic points with long stable and unstable
manifolds.
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Lemma 2.1 (Lemma 3.2 in [4]). For any δ > 0 small, there exists a dense set
P ⊆ H(p) of hyperbolic periodic points homoclinically related to the orbit of p with
the following property.
• The modulus of the Lyapunov exponents of any point q ∈ P are larger than
δ;
• The plaques Wcs(q) and Wcu(q) for any point q ∈ P are contained in the
stable manifolds and the unstable manifolds of q respectively.
For any hyperbolic periodic point q ∈ P , we can denote Wcs(q) by W s(q) and
denote Wcu(p) by Wu(q). We can see from the next lemma that chain-hyperbolic
homoclinic classes have local product structures. This property is crucial in the
proof of shadowing property, both in the uniform case and this special partially
hyperbolic case. It motivated us the construction in Section 3.
Lemma 2.2 (Lemma 3.4 in [4]). For any ε > 0, there exists δ > 0 such that for
any x, y ∈ H(p), if d(x, y) < δ, then Wcsε (x) and W
cu
ε (y) transversally intersect at
a single point z ∈ H(p), where Wcsε (x) ⊂ W
cs(x) is centered at x with length 2ε.
3. The proof of Theorem 1.7
In this section we shall prove Theorem 1.7. Let f be a diffeomorphism on a
compact manifold M with a homoclinic class CH1(p). Assume that f preserves
the orientation of the subbundle Ec. Before heading to the main block of the proof,
we clarify some notations and identify some constants along the way.
From Definition 1.2, there is a splitting
TCH1(p)M = E
cs ⊕ Eu = Es ⊕ Ec ⊕ Eu.
Thus, there is a plaque family Wcs associated with subbundle Ecs. As the bundle
Eu here is uniformly expanding, there are unstable manifolds Wu associated with
Eu. There is also a plaque family Wc associated with the bundle Ec. The length
of the circle plaques along Ec can not be arbitrarily small. Otherwise, the bundle
Ec at the accumulation point of the circles with radii going to zero can not be well
defined. Thus, we can assume the radius of the plaque family Wc are so small that
the plaques for Wc are intervals, instead of circles.
Let ε > 0 be small enough. According to the local product property (Lemma
2.2), there exists δ2 > 0, such that
Wcsε (x) ∩W
u
ε (y) 6= ∅, for any x, y ∈ CH
1(p) satisfying d(x, y) ≤
δ
2
.
Applying Lemma 2.2 again, we obtain 0 < δ1 <
δ
2 such that
Wcsδ
2
(x) ∩Wuδ
2
(y) 6= ∅, for any x, y ∈ CH1(p) satisfying d(x, y) ≤ δ1.
Due to Lemma 2.1, for δ1 > 0 given above, there exists a finite collection of hyper-
bolic periodic points
C(ε) = {pi}
N
i=1 ⊂ P
such that for any x1, x2 ∈ CH1(p), there exists {y1, y2, . . . , yk} ⊂ C(ε) such that
d(x1, y1) ≤
δ1
2 , d(yi, yi+1) ≤
δ1
2 , , ∀1 ≤ i ≤ k − 1 and d(yk, x2) ≤
δ1
2 .
Let λ0 be the uniform lower bound of the absolute values of Lyapunov exponents
of the hyperbolic periodic points in P . For any hyperbolic periodic point q ∈ P , we
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can denoteWcs(q) byW s(q). Thus for ε > 0 small enough and any point pk ∈ C(ε),
there exist constant C > 1 and integers K(pk) such that
d(fK(pk)P (pk)(y1), f
K(pk)P (pk)(y2)) ≤ Ce
−λ0K(pk)P (pk)d(y1, y2), ∀y1, y2 ∈ W
s
ε (pk),
d(fK(pk)P (pk)(y1), f
K(pk)P (pk)(y2)) ≥ C
−1eλ0K(pk)P (pk)d(y1, y2), ∀y1, y2 ∈W
u
ε (pk),
and
Ce−λ0K(pk)P (pk)ε ≤
δ1
2
≤
δ
2
,
where P (pk) is the period of pk. Denote
M(ε) =
N∑
i=0
K(pi)P (pi).
By the definition of K(·) and P (·), we can see that M(ε) only depends on ε.
Proof of the closing property in Theorem 1.7. We shall construct a sequence of points
that are the intersection points of some unstable manifolds and Wcs plaques. Fix
two points in the same orbit x, fn(x) ∈ CH1(p) and two points in the same
orbit y, fm(y) ∈ CH1(p) arbitrarily. From the pick of C(ε), there is a subset
{y1, y2, y3, . . . , yN1} ⊂ C(ε) satisfying the following properties,
d(fn(x), y1) ≤
δ1
2
, d(yi, yi+1) ≤
δ1
2
, and d(yN1 , y) ≤
δ1
2
, ∀1 ≤ i ≤ N1 − 1.
Similarly, there is a subset {y′1, y
′
2, y
′
3, . . . , y
′
N2
} ⊂ C(ε) satisfying the following prop-
erties,
d(fm(y), y′1) ≤
δ1
2
, d(y′i, y
′
i+1) ≤
δ1
2
, and d(y′N2 , x) ≤
δ1
2
, ∀1 ≤ i ≤ N2 − 1.
Then,
Wuδ (f
n(x)) ∩W sδ (y1) 6= ∅, W
u
δ (yi) ∩W
s
δ (yi+1) 6= ∅,
and Wuδ (yN1) ∩W
cs
δ (y)) 6= ∅, ∀1 ≤ i ≤ N1 − 1.
Similarly,
Wuδ (f
m(y)) ∩W sδ (y
′
1) 6= ∅, W
u
δ (y
′
i) ∩W
s
δ (y
′
i+1) 6= ∅,
and Wuδ (y
′
N2
) ∩Wcsδ (x)) 6= ∅, ∀1 ≤ i ≤ N2 − 1.
Let M1(ε) =
∑N1
k=1K(yk)P (yk) and M2(ε) =
∑N2
k=1K(y
′
k)P (y
′
k). We have
max{M1(ε),M2(ε)} ≤M(ε). Now we construct an one-sided periodic pseudo orbit
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O as follows, {
x, f(x), . . . , fn−1(x),
y1, f(y1), . . . , f
P (y1)−1(y1)︸ ︷︷ ︸
K(y1)
,
· · · ,
yN1 , f(yN1), . . . , f
P (yN1)−1(yN1)︸ ︷︷ ︸
K(yN1)
,
y, f(y), . . . , fm−1(y),
y′1, f(y
′
1), . . . , f
P (y′1)−1(y′1)︸ ︷︷ ︸
K(y′1)
,
· · · ,
y′N2 , f(y
′
N2
), . . . , fP (y
′
N2
)−1(y′N2)︸ ︷︷ ︸
K(y′
N2
)
,
x, f(x), . . . , fn−1(x),
· · ·
}
.
Claim 1: There is a point z˜ ∈ CH1(p) ε-shadowing O.
Step 1: Construct z0, z1, . . . , zN1 . Since d(f
n(x), y1) ≤
δ
2 , we obtain z0 ∈
Wuε (f
n(x)) ∩ W sε (y1). Combining d(f
K(y1)P (y1)(z0), y1) < Ce
−λ0K(y1)P (y1)ε < δ2
and d(y1, y2) <
δ
2 , we deduce d(f
K(y1)P (y1)(z0), y2) < δ. Thus we obtain
z1 ∈ W
u
ε (f
K(y1)P (y1)(z0)) ∩W
s
ε (y2).
Preceding in this fashion, we obtain
zk ∈W
u
ε (f
K(yk)P (yk)(zk−1)) ∩W
s
ε (yk+1),
for any 1 ≤ k ≤ N1−1. Then d(fK(yN1)P (yN1)(zN1−1), yN1) ≤ Ce
−λK(yN1)P (yN1)ε <
δ1
2 . Observing also that d(yN1 , y) ≤
δ1
2 , we have
d(fK(yN1)P (yN1)(zN1−1), y) ≤ δ1.
Thus we obtain
zN1 ∈W
u
δ
2
(fK(yN1)P (yN1)(zN1−1)) ∩W
cs
δ
2
(y).
Step 2: Construct zN1+1, . . . , zN1+m. It follows from the thin trapped property
of plaquesWcs that fm(zN1) ∈ W
cs
δ
2
(fm(y)). (Here we may need a little adjustment
of the constant δ1. This is because the family {φx} in the definition of thin trapped,
which indicates the radius of contracted region, may not be a constant function.
But from the continuity of the family {φx} and the compactness of CH1(p), after a
little adjustment of the constants δ1, we still can say that f
m(zN1) ∈ W
cs
δ
2
(fm(y)).)
Since d(fm(y), y′1) ≤
δ
2 , we have
d(fm(zN1), f
m(y)) ≤ δ.
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≤M(ε)
p n(1−a)
a
x
fn(x)
≤M(ε)
Picture 1.
Thus we obtain
zN1+m ∈W
u
ε (f
m(zN1)) ∩W
s
ε (y
′
1).
Step 3: Construct zN1+m+N2 . Applying the construction of step 1, we obtain
zN1+m+k ∈W
u
ε (f
K(y′k)P (y
′
k)(zN1+m+k−1)) ∩W
s
ε (y
′
k+1),
for any 1 ≤ k ≤ N2.
Step 4: Construct zN1+m+N2+n. Applying the construction of step 2, we obtain
zN1+m+N2+k ∈ W
u
ε (f
K(yk)P (yk)(zN1+m+N2+k)) ∩W
s
ε (yk+1),
for any 1 ≤ k ≤ n.
Step 5: Construct zk(N1+m+N2+n). Repeating the above steps, we obtain
zk(N1+m+N2+n).
Take an accumulation point z˜ of {f−(k(N1+m+N2+n))(zk(N1+m+N2+n))}k∈N. From
the choice of zk(N1+m+N2+n), we deduce that z˜ is ε-shadowing the pseudo-orbit O.
Claim 2: There exists a periodic point z ∈ CH1(p) ε-shadowing O.
Denote fN1+m+N2+n by g. By the uniformly expanding property of Eu bun-
dle, we deduce that {gk(z˜)}∞k=1 ⊂ W
cs
2ε(z˜). Let z be an accumulation point for
{gk(z˜)}∞k=1. Due to the uniform contraction of E
s bundle, we have z ∈ Wc2ε(z˜).
It remains to show that z is a periodic point for g. Some arguments of one
dimensional dynamics allow us to obtain this property. First of all, we define
a projection along the Es direction. Since Es bundle is uniformly contracted,
there exist well placed foliations tangent to Es. Let π : Wcs(z˜) → Wc(z˜) be the
projection map along the foliations tangent to Es. From the invariance of Es, we
have π ◦ g2 = g ◦ π ◦ g. Secondly, we give an orientation for the interval Wc2ε(z˜).
Without loss of generality, assume that we have interval [z˜, g(z˜))]. Then we have the
interval π◦g[z˜, π◦g(z˜)] = [π◦g(z˜), π◦g2(z˜)], or π◦g[z˜, π◦g(z˜)] = [π◦g2(z˜), π◦g(z˜)].
Since f preserves the central bundle, we are reduced to the case
π ◦ g[z˜, π ◦ g(z˜)] = [π ◦ g(z˜), π ◦ g2(z˜)].
Combining the fact that Wc2ε(z˜) is an interval with bounded length and the as-
sumption that f preserves the orientation of Ec, we have that l(π ◦ gk[z˜, π ◦ g(z˜))])
goes to zero when k goes to +∞. Thus z is a fixed point for g. On account of the
fact that CH1(p) is a closed and invariant set, we have z ∈ CH1(p). We complete
the proof of the closing property.

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Proof of the hyperbolic closing property in Theorem 1.7. Fix any two points in the
same orbit x, fn(x). Without loss of generality, we can assume the hyperbolic
point p for CH1(p) to be a fixed point. We will construct an one-sided periodic
pseudo orbit, which goes through not only the segment {x, . . . , fn(x)} but also the
hyperbolic fixed point p. We will force the pseudo orbit to stay enough time at p in
order to get enough hyperbolicity for the corresponding shadowing periodic point.
See picture 1 for the segments and the corresponding periodic pseudo orbit.
Fix two points in the same orbit x, fn(x) ∈ CH1(p) arbitrarily. There is a subset
{y1, y2, y3, . . . , yN1} ⊂ C(ε) satisfying the following properties,
d(fn(x), y1) ≤
δ1
2
, d(yi, yi+1) ≤
δ1
2
, and d(yN1 , p) ≤
δ1
2
.
Then,
Wuδ (x) ∩W
s
δ (y1) 6= ∅, W
u
δ (yi) ∩W
s
δ (yi+1) 6= ∅, and W
u
δ (yN1) ∩W
cs
δ (f
n(x))) 6= ∅.
There is another subset {y′1, y
′
2, y
′
3, . . . , y
′
N2
} = C(ε) satisfying the following proper-
ties,
d(p, y′1) ≤
δ1
2
, d(y′i, y
′
i+1) ≤
δ1
2
, and d(y′N2 , x) ≤
δ1
2
.
Then,
Wuδ (p) ∩W
s
δ (y
′
1) 6= ∅, W
u
δ (y
′
i) ∩W
s
δ (y
′
i+1) 6= ∅, and W
u
δ (y
′
N2
) ∩Wcsδ (x)) 6= ∅.
LetM1(ε) =
∑N1
k=1K(yk)P (yk) andM2(ε) =
∑N2
k=1K(y
′
k)P (y
′
k) . We haveM1(ε),M2(ε) ≤
M(ε).
Now we construct an one-sided periodic pseudo orbit O′ as follows,{
x, f(x), . . . , fn(x),
y1, f(y1), . . . , f
P (y1)−1(y1)︸ ︷︷ ︸
K(y1)
,
· · · ,
yN1 , f(yN1), . . . , f
P (yN1)−1(yN1)︸ ︷︷ ︸
K(yN1)
,
p, p, . . . , p︸ ︷︷ ︸
an
1−a
,
y′1, f(y
′
1), . . . , f
P (y′1)−1(y′1)︸ ︷︷ ︸
K(y′1)
,
· · · ,
y′N2 , f(y
′
N2
), . . . , fP (y
′
N2
)−1(y′N2)︸ ︷︷ ︸
K(y′
N2
)
,
x, f(x), . . . , fn(x),
· · ·
}
.
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Applying the same arguments in the proving of the closing lemma property,
we deduce that there exists q ∈ CH1(p) with period P (q) = n1−a + k, where
0 ≤ k ≤ 2M(ε), which is ε-shadowing the pseudo orbit O′.
It remains to show that the Lyapunov exponent along the central direction of q
is smaller than −aλ4 . In order to carry out some useful estimates, we state a claim
first.
Claim 3: For any number µ > 0, there exists integer N > 0, such that for any
n ≥ N , we have
‖Dfnx |Ec‖ ≤ e
µn, ∀x ∈ CH1(p).
Suppose the claim does not hold, then there exists a number µ > 0 satisfying the
following: for any k > 0 there is nk ≥ k such that there exists a point xk ∈ CH1(p),
such that
‖Dfnkxk |Ec‖ > e
µnk .
Then, for the accumulation point x of xk, we have the Lyapunov exponent along
the Ec direction at point x is greater than µ > 0, which is a contradiction to the
property of thin trapped. Thus, we finish the proof of Claim 3.
For a > 0, assume µ < aλ4(1−a) . Assuming n ≥ N and ε small enough, we have
‖Df
n
1−a+k(q) |Ec ‖ ≤ ‖Df
n
q |Ec ‖ · ‖Df
an
1−a+k
fn(q) |Ec‖
≤ enµ · ‖Df
an
1−a+k
fn(q) |Ec‖
≤ enµ · eε
an
1−a · ‖Df
an
1−a
p |Ec‖
≤ enµ+ε
an
1−a · e−λ
an
1−a
≤ e((1−a)µ−aλ+ε)(
n
1−a+k)
≤ e((1−a)µ−
a
2λ)(
n
1−a+k)
≤ e−
aλ
4 (
n
1−a+k),
where the third inequality comes from the fact that fn(q) is close to p and the fact
that k only depends on ε and thus can be controlled when n is large enough. We
complete the proof of the hyperbolic closing property. 
4. Exponential growth of hyperbolic points and entropy
We adopt the notation P an (f) given in the introduction with a little adjustment.
Let
P an (f |CH1(p)) = {x ∈ CH
1(p)|fn(x) = x, λ(x) ≥
aλ
4
> 0,
where λ(x) satisfies ‖Dfn|Ec(fi(x))‖ = e
−λ(x)n},
where λ is the largest negative Lyapunov exponent of the hyperbolic periodic points
p.
The following observation says if the central bundle is one dimensional, then for
any orbit in the collection of hyperbolic periodic orbits with Lyapunov exponents
uniformly bounded away from zero, there exists a point in this orbit with uniform
size of stable manifold and unstable manifold. The size of these stable manifolds
and unstable manifolds is irrelevant to the period. It is only relevant to the bound
of Lyapunov exponents. This result has been given in Lemma 3.3 of [4].
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Lemma 4.1. [4]Assume that there is a dominated splitting Es ⊕ Ec ⊕ Eu for a
diffeomorphism f on a compact invariant set K. Assume the dimension of Ec is 1.
Then, for any δ > 0, there exists ρ > 0 with the following property: Let O ⊂ K be a
periodic orbit whose Lyapunov exponents along Es⊕Ec are smaller than −δ. Then
there exists q ∈ O whose stable manifolds contains the plaque at q along Es ⊕ Ec
direction with radius ρ.
Remark 4.2. The Pliss time given by the Pliss lemma [12] for every hyperbolic
periodic orbit O can be the q given in Lemma 4.1.
Corollary 4.3. For 0 < a < 1, there exists a constant ξ(a) such that for any
n ∈ N+ and any x, y ∈ P an (f |CH1(p)) with d(f
i(x), f i(y)) ≤ ξ(a), ∀i = 1, . . . , n,
then x = y. Moreover, ♯P an (f |CH1(p)) <∞.
Definition 4.4. A subset s(n, ε) ⊂ CH1(p) is called a (n, ε)-separated set if for any
two points x 6= y ∈ s(n, ε), there exists i ∈ [0, n− 1] such that
d(f i(x), f i(y)) ≥ ε.
Applying Corollary 4.3, one deduces that
♯P an (f |CH1(p)) ≤ S(n, ξ(a)),
where S(n, ξ(a)) denotes the number of separated set s(n, ξ(a)) with maximal car-
dinal. For any small constant ε, htop(f |CH1(p)) = lim supn→+∞ 1/n log ♯S(n, ε). So,
we have
lim sup
n→+∞
1
n
log ♯P an (f |CH1(p)) ≤ lim sup
n→+∞
1
n
log ♯S(n, ξ(a)) ≤ htop(f |CH1(p)).(1)
Now we start to prove that the exponential growth rate of the number of hyper-
bolic periodic points on CH1(p) is sufficient to control the topological entropy on
CH1(p).
Proposition 4.5. Let f be a diffeomorphism on a compact manifold M with
CH1(p). For some a > 0, let
P an (f |CH1(p)) = {x ∈ CH
1(p)|fn(x) = x, λ(x) ≥
aλ
4
> 0,
where λ(x) satisfies ‖Dfn|Ec(fi(x))‖ = e
−λ(x)n},
where λ is the largest negative Lyapunov exponent of the hyperbolic periodic points
p. Then, we have
(1 − a)htop(f |CH1(p)) ≤ lim sup
n→+∞
1
n
log ♯P an (f |CH1(p)).(2)
Proof. We assume that f preserves the orientation of Ec. Otherwise, consider f2.
By Theorem 1.7, for any a > 0 and any ε > 0 small enough, there exists M(ε) ∈ N
such that for any two points in the same orbit, x, fn(x) ∈ CH1(p), there is a
hyperbolic periodic point z ∈ CH1(p) with period P (z) such that
(1) the Lyapunov exponent along the central direction Ec of periodic point z
is smaller than −aλ4 ;
(2) d(f i(z), f i(x)) ≤ ε, ∀ 0 ≤ i ≤ n and n1−a ≤ P (z) ≤
n
1−a + 2M(ε).
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Fix an arbitrarily positive constant a > 0. Let n large enough such that 2M(ε)n
a
+2M(ε)
is small enough. So, for any point x ∈ s((1 − a)n, 4ε), there exists a hyperbolic
periodic point z ∈ P an+k(f |CH1(p)), which can ε-shadow the segment {x, f
n(x)}.
Thus, we have
S((1− a)n, 4ε) ≤
1
M(ε)
i=n+M(ε)∑
i=n
♯P ai (f |CH1(p)).
Moreover, we have
lim sup
n→∞
1
n
log ♯S((1− a)n, 4ε) ≤ lim sup
n→+∞
1
n
log ♯P an (f |CH1(p)).
Finally, we have
(1− a)htop(f |CH1(p)) = lim
ε→0
lim sup
n→∞
1
n
log ♯S(an, 8ε)
≤ lim sup
n→+∞
1
n
log ♯P an (f |CH1(p)).

Proof of Theorem 1.3. From Proposition 4.5 and equation (1), we deduce
htop(f |CH1(p)) = lim
a→0
lim sup
n→+∞
1
n
log ♯P an (f |CH1(p)).

5. Density of Periodic measures in the space of invariant measures
The prevalence of hyperbolic periodic measures in the space of invariant measures
is also very interesting. K. Sigmund in the seventies proved the following results
for Axiom A diffeomorphisms (using the specification property):
Theorem 5.1. [13]Let Λ be a basic set of an Axiom A diffeomorphism f . Denote
by Mf (Λ) the set of invariant probabilities supported on Λ. Then, we have :
(1) every µ ∈ Mf (Λ) is approximated by hyperbolic periodic measures µn ∈
Mf (Λ);
(2) the generic measure µ ∈ Mf (Λ) is ergodic;
(3) the generic measure µ ∈ Mf (Λ) has entropy zero: hµ(f) = 0.
Arguing in the same fashion as in [13], mutatis mutandis, we have the following
corollary from the closing property in Theorem 1.7.
Corollary 5.2. Let f be a diffeomorphism on a compact manifold M with CH1(p).
Denote byMf the set of invariant probabilities supported on CH1(p). If f preserves
the orientation of the subbundle Ec, then we have :
(1) every µ ∈Mf is approximated by hyperbolic periodic measures µn ∈ Mf ;
(2) the generic measure µ ∈ Mf is ergodic;
(3) the generic measure µ ∈ Mf has entropy zero: hµ(f) = 0.
About the existence of maximal entropy measures, there is a general result by
Liao, Viana and Yang [9] that for any diffeomorphisms far away from tangency,
there is an invariant probability measure with maximal entropy. Combining Corol-
lary 5.2 and the existence of maximal entropy measures, we get the existence of
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a maximal entropy measure that can be approximated by a sequence of measures
supported on hyperbolic periodic points for f |CH1(p).
Corollary 5.3. Let f be a diffeomorphism on a compact manifold M with CH1(p).
Then, there exists an invariant measure µ supported on CH1(p), such that
hµ(f |CH1(p)) = htop(f |CH1(p))
and there exist µn supported on hyperbolic periodic points in CH
1(p) such that
µn → µ in weak ∗ topology, as n→ +∞.
Here we prefer to construct a maximal invariant measure from Theorem 1.3.
From Proposition 4.5, we can find a subsequence {ni}∞i=0 (corresponding to a),
such that
ah(f |CH1(p)) ≤ lim
i→+∞
1
ni
log ♯P ani(f |CH1(p)).
Denote
µai =
1
♯P ani(f |CH1(p))
∑
x∈Pani
(f |CH1(p))
δx.
Then, there exists a subsequence {ik}∞k=1 such that µ
a = limk→∞ µ
a
ik
and a subse-
quence {ak}∞k=1 such that µ = limk→∞ µ
ak , where ak → 1 as k →∞.
Lemma 5.4. There exist a sequence ak, which goes to 0 as k→ +∞, and sequences
ni(ak), which go to ∞ as i→ +∞, satisfying the following
hµak (f |CH1(p)) ≥ lim
i→∞
1
ni(ak)
log ♯P ak
ni(ak)
(f |CH1(p)).
Proof. It is a classical procedure similar to the proof of the variational principle.
Let δ(ak) be the expansive constants given in lemma (4.3). We may choose a finite
partition ξ = {A1, · · · , Am} such that diam(Aj) < δ(ak) and µak(∂Aj) = 0 for each
j. Thus each member of
∨ni(ak)−1
i=0 f
−iξ contains at most one point in P ak
ni(ak)
(f).
So ♯P ak
ni(ak)
(f) members of
∨ni(ak)−1
i=0 f
−iξ each has µaki −measure 1/♯P
ak
ni(ak)
(f) and
others have µaki −measure zero. Fix natural number q with 1 < q < ni(ak). For
0 ≤ j ≤ q − 1, define a(j) = [(ni(ak)− j)/q]. We have the following facts:
(1) a(0) ≥ a(1) ≥ · · · ≥ a(q − 1);
(2) Fix 0 ≤ j ≤ q − 1. Then
{0, 1, · · · , ni(ak)− 1} = {j + rq + i | 0 ≤ r ≤ a(j)− 1, 0 ≤ i ≤ q − 1} ∪ S
where
S = {0, 1, · · · , j − 1} ∪ {j + a(j)q, j + a(j)q + 1, · · · , ni(ak)− 1}, and ♯S ≤ 2q.
From these facts we have
ni(ak)−1∨
i=0
f−iξ =
a(j)−1∨
r=0
f−(rq+j)(
q−1∨
i=0
f−i(
∨
i∈S
f−iξ)).
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Therefore
log ♯P ak
ni(ak)
(f |CH1(p)) = Hµaki
(
ni(ak)−1∨
i=0
f−iξ)
≤
a(j)−1∑
r=0
Hµaki
(
a(j)−1∨
r=0
f−(rq+j)
q−1∨
i=0
f−iξ) +
∑
i∈S
Hµaki
(f−iξ)
≤
a(j)−1∑
r=0
Hµaki ◦f−(rq+j)
(
q−1∨
i=0
f−iξ) + 2q logm.
Summing this inequality over j from 0 to q − 1, we obtain
q log ♯P ak
ni(ak)
(f |CH1(p)) ≤
ni(ak)−1∑
l=0
Hµaki
◦ f−l(
q−1∨
i=0
f−iξ) + 2q2 logm
= ni(ak)Hµaki
(
q−1∨
i=0
f−iξ) + 2q2 logm.
Divided by ni(ak)q, it becomes
(3)
1
ni(ak)
log ♯P ak
ni(ak)
(f |CH1(p)) ≤
1
q
Hµaki
(
q−1∨
i=0
f−iξ) +
2q
ni(ak)
logm.
Since for each B ∈
∨q−1
i=0 f
−iξ , µaki (∂(B)) = 0, we have limi→∞ µ
ak
i (B) = µak(B).
Thus,
lim
i→∞
Hµaki
(
q−1∨
i=0
f−iξ) = Hµak (
q−1∨
i=0
f−iξ).
Let the i in equation (3) go to infinity and then let the q in equation (3) go to
infinity. We obtain
lim
i→∞
1
ni(ak)
log ♯P ak
ni(ak)
(f |CH1(p)) ≤ hµak (f |CH1(p)).

The proof of Corollary 5.3. The measure µ = limk→∞ µ
ak given above can be ap-
proximated by measures supported on hyperbolic periodic points. By the varia-
tional principle, hµ(f |CH1(p)) ≤ htop(f |CH1(p)). Combining Lemma 5.4, Theorem
1.3 and the upper semi continuous of entropy map, we deduce that hµ(f |CH1(p)) ≥
htop(f |CH1(p)). Thus, we finish the proof of Corollary 5.3. 
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